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Frequency Response Magnitude
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         choice of zeros will give rise to filters with the same frequency
         response squared magnitude (within a constant scaling factor)
         but different phase characteristics



Review of FR MagnitudeReview of FR Magnitude
1

1 1

1

1

( ) ( )
1

( ) ( ) (1/ )

( )
1

z aH z H z
az

C z H z H z

z a C z
az

− ∗

−

∗ ∗

− ∗

−

 −
=  − 

⇒ = ⋅
=

 −
 − 

i

i

i

 Suppose 

 Term  drops out from  via pole-zero cancellation

 This is called an allpass term and does not affect the magnitude
  of the frequency response of the filter
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 Systems that have constant magnitude are called 'allpass' systems
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 Each pole in an allpass system is paired with a conjugate reciprocal zero
 For causal, stable systems, poles are located inside the unit circle and zeros

  are located at conjugate reciprocal locatio
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 Not all systems have inverses!    e.g., ideal LP filter
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For causal, stable systems 



Minimum Phase SystemsMinimum Phase Systems

2 2

0 0

( ) ( ) ( )

( ) ( )

( ) ( )

j j j
MP AP

j j
MP

n n

MP
m m

H e H e H e

H e H e

h m h m n

ω ω ω

ω ω

= =

= ⋅

=

≤ ∀∑ ∑

i Properties of M.P. Systems:

3.

- This is the "Minimum energy delay property" whereby
          M.P. Systems have energy that is closest t

(0) (0)MPh h⇒ ≤

o the beginning
          of the sequence    

- M.P. systems get their energy out the fastest...
Note:  Maximum Phase systems have all their zeros outside the unit 
          circle and get th

2 2

0 0
( ) ( )

n n

MaxPh
m m
h m h m n

= =

≥ ∀∑ ∑

eir energy out the slowest

          



Minimum Phase SystemsMinimum Phase Systems

0.6 0.80.9 0.8

Four systems all having the same 
frequency response magnitude.
Zeros are at all combinations of 

 and  and their
reciprocals, and their corresponding 
sequences.
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